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Abstract

In many image processing applications, identification of nonlinear structures in image data is of particular interest.

Examples include fitting multiple ellipse patterns to image data, estimation and segmentation of multiple motions in

subsequent images in video, and fitting nonlinear patterns to cell images for cancer detection in biomedical applications.

This chapter introduces a novel approach to calculate a first order approximation for point distances from general

nonlinear structures. We also propose an accelerated sampling method for robust segmentation of multiple structures.

Our sampling method is substantially faster than random sampling used in the well-known RANSAC method as it

effectively makes use of the spatial proximity of the points belonging to each structure. A fast high-breakdown robust

estimator called Accelerated-LKS (A-LKS) is devised using the accelerated search to minimize the k-th order statistics

of squared distances. A number of experiments on homography estimation problems are presented. Those experiments

include cases with up to eight different motions and we benchmark the performance of the proposed estimator in

comparison to a number of state of the art robust estimators. We also show the result of applying A-LKS to solve

ellipse fitting and motion segmentation in practical applications.

1 Introduction

Fitting nonlinear models to image data is a common yet challenging task in many image processing applications. Exam-

ples include machine perception of surrounding environment by 3-D range data segmentation using planes, cylindrical

and spherical object models [1–11], ellipse fitting in various applications (such as gait periodicity detection [12], land-
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mark localization in neuroimages [13], skin colour [14] and nuclear buds [15] detection, gestational age estimation in

ultrasound images [16]) and detection and fitting of nonlinear motion models to a dataset of point matches (that may

include erroneous mismatches) in 3-D reconstruction and motion tracking applications [17–24].

When we fit one or more instances of a model to a set of data points, each instance is called a structure. To

estimate the parameters of one of those structures, a common approach is to define a measure of goodness that captures

the distance from each data point to the multi-dimensional manifold defined by a hypothesized model (a structure

with hypothesized parameters). The best model parameters are then found via analysis of the distances for various

hypotheses. In presence of outliers (data points not belonging to any structure) a robust estimation scheme is often

used to ensure that the outcome is not biased by the influence of those outliers [25].

In the computer vision literature, definition of appropriate distances and finding nonlinear robust fitting solutions

have been studied for different applications [26]. This chapter presents an attempt to move away from application

dependant metrics and introduces a generic and universally applicable distance measure. The proposed measure is

intended to suit common robust fitting methods in a general nonlinear fitting and segmentation scenario. We also

propose a new method for parametric segmentation of multiple nonlinear structures with significantly faster rate of

convergence compared with current existing methods.

The rest of this chapter is organized as follows. The problem of multi-structure nonlinear detection and segmen-

tation is stated in section 2, with examples presented in the context of ellipse, homography and fundamental matrix

fitting. The common approach to solve the problem is to turn it into an optimisation problem as discussed in section 3.

The optimisation cost function is usually formulated in terms of distances. Section 4 outlines the concept of geometric

distance followed by our proposed universally applicable measure for geometric distance. Our proposed accelerated

sampling method is then presented in section 5 where we detail the cost function optimization part of A-LKS and the

analysis of the proposed sampling method. Simulation results are presented in section 6. Section 7 concludes the

chapter.

2 Problem Statement

To formulate the problem, we start by assuming that n measurements are given as a set of data points denoted by

{xi}ni=1. Each measurement xi represents an exact value xi0 perturbed by noise,

xi = xi0 + ei (1)
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where ei is a sample of Gaussian white noise with the noise power σ2,

ei ∼ N (0, σ2).

There are an unknown number of structures, each containing some data points to which a parametric nonlinear model

is fitted. The model is the same for all structures but each structure has different parameters. The model is denoted by

the general form,

g(x0,Θ, α) = 0 (2)

where x0 is the exact data locations, Θ = [θ1 · · · θp]> is the parameter vector and α is a scalar parameter.

In general, parameters can be scaled by an arbitrary constant and there are only p degrees of freedom in choosing

those parameter values. However, most applications involve models with linear parameters as:

g(x0,Θ, α) = θ1f1(x0) + · · ·+ θpfp(x0) + α = 0 (3)

in which the parameters are constrained by following conditions to guarantee the uniqueness of their values,

α > 0 and ||Θ|| = 1. (4)

The general problem in this framework is to find the number of such structures in the data, estimate their parameters,

and segment the data between those structures. For every structure, data points that belong to that structure are called

inliers and the rest of data points are called outliers. Of those, the ones that belong to another structure in that data set

are called pseudo outliers and the rest are called gross outliers. To show the application of this general framework, a

number of common special cases are presented in the following section.

2.1 Ellipse fitting

In a two-dimensional image space, the data points are the coordinates of pixels in the image. The problem is to find

the number of ellipses that can be fitted to the ensemble of the given pixels. This problem is a common part of many

pattern recognition tasks in AI and robotic applications. Each ellipse has its own Θ and α parameters and is defined by

the following nonlinear formula:

θ1x
2
1 + θ2x1x2 + θ3x

2
2 + θ4x1 + θ5x2 + α = 0 (5)

where x = [x1 x2]> denotes the coordinates of a pixel on the ellipse (one of the data points). In order to guarantee that

the above conic section is an ellipse, we need to enforce the constraint θ22 − 4θ1θ3 < 0 in addition to the constraints
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given in (4). In this case the parameter space is 5-dimensional (p = 5), i.e. five pairs of point coordinates (x1, x2) are

sufficient to specify a possible parameter estimate. Such a solution is called a model candidate.

A circle fitting problem is a special case of ellipse fitting, in which circular patterns are the instances of fitting the

following model

θ1(x21 + x22) + θ2x1 + θ3x2 + α = 0. (6)

We note that both the circle and ellipse equations follow the general form of (3) where the parameter space has 3-5

degrees of freedom.

2.2 Homography estimation

When a planar object undergoes a general motion in the 3-D space, its motion can be modelled by a homography

model [26]. Assume two images, called the pre-motion and post-motion images, taken before and after the motion

occurs. Consider a pixel (x1, x2) in the pre-motion image matching the pixel (x′1, x
′
2) in the post-motion image. The

homography model is then parametrized by a 3× 3 matrix denoted by H in such a way that:

ω


x′1

x′2

1

 = H


x1

x2

1

 (7)

where ω is the (unknown) scale of perspective projection. Eliminating ω from the system of equations (7) leads to the

following simultaneous nonlinear equations:

h
11
x1 + h

12
x2 + h

13
− h

31
x1x
′
1 − h32

x2x
′
1 − h33

x′1 = 0

h
21
x1 + h

22
x2 + h

23
− h

31
x1x
′
2 − h32

x2x
′
2 − h33

x′2 = 0

(8)

in which h
ij

denotes the i-by-j element of the homography matrix H . We note that each of the two equations in (8)

are in the general form of (3). There are 9 elements in the homography matrix, including eight independent ones

(considering the scale). Each matching pair of pixels, [x1 x2 x
′
1 x
′
2]>, results in two equations. Therefore, a model

candidate is given by p = 4 pairs of matching pixels.

2.3 Fundamental matrix

When a non-planar object undergoes a general motion in the 3-D space, its matching pixels in the pre-motion and post-

motion images do not satisfy the homography model (7) [26]. A more general model for such motions is called the

fundamental matrix model. In this model, the motion is fully parametrized by a 3 × 3 fundamental matrix denoted by
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F which is of rank 2, and for which, every pair of matching pixels (x1, x2), (x′1, x
′
2) in the pre-motion and post-motion

images satisfy the following equation:

[x′1 x
′
2 1] F [x1 x2 1]> = 0. (9)

This model can be rewritten in the general form of (3) as:

θ1x1x
′
1 + θ2x2x

′
1 + θ3x

′
1 + θ4x1x

′
2 + θ5x2x

′
2 + θ6x

′
2 + θ7x1 + θ8x2 + α = 0 (10)

where the parameters {θi}8i=1 and α are the elements of the fundamental matrix:

F =


θ1 θ2 θ3

θ4 θ5 θ6

θ7 θ8 α

 . (11)

Disregarding the rank-2 constraint, fundamental matrix estimation involves estimating 8 independent parameters, and

the dimension of data and parameter spaces is p = 8. The rank-2 constraint is usually imposed by finding the closest

rank-2 matrix to the estimated fundamental matrix as follows. Given the putative rank-3 estimated matrix, the smallest

(in magnitude) singular value of this matrix is replaced with zero and the rank-2 matrix is reconstructed using the

singular vectors of original rank-3 matrix.

3 Parametric Segmentation

Most of the methods developed for solving the problem stated in Section 2 are sequential solutions [26]. The param-

eters of a single structure are estimated, its inliers are segmented and removed from the dataset, and the estimation,

segmentation and removal steps are repeated until only gross outliers are remained in the dataset.

The first step (parameter estimation) is commonly implemented using a robust estimation routine that is tolerant to

outliers. In multi-structure segmentation scenario, a small ratio of data points would necessarily belong to each single

structure. Therefore, high breakdown robust estimators (tolerant to large ratios of outliers) need to be employed. Such

estimators usually employ an optimization search at their core, exploring the parameter space for the winning model

candidate (Θ∗, α∗) that minimizes a cost function C(Θ∗, α∗).

The most common approach to define meaningful cost functions is to express the cost as a function of the distances

{di}ni=1 of the data samples {xi}ni=1 from the p-dimensional manifold defined by the equation g(x,Θ, α) = 0. The

location and shape of this manifold in the data space depends on the values chosen for the parameters, and so does

every distance di.
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The cost function of the least squares estimator is simply the sum of all the squared distances:

CLS(Θ, α) =

n∑
i=1

[di(Θ, α)]
2
. (12)

The rationale behind this choice of cost function is that the best parameter value is intuitively the one corresponding the

manifold that is closest to the data points. Minimization of this cost function would of course be meaningful only when

all the data points are around a single structure, i.e. when there are no pseudo or gross outliers. However, in presence

of multiple structures and gross outliers, an alternative cost function is needed.

The problem of devising meaningful cost functions for robust estimation in presence of large ratios of outliers has

been visited in many papers and numerous cost functions have been devised for various applications [1–3, 6–10]. One

of the simplest and most effective cost functions is the least k-th order statistics function used in the adaptive least k-th

order statistics (ALKS) estimator [2], and defined as:

CLKS(Θ, α) = dk:n(Θ, α) (13)

where dk:n(Θ, α) is the k-th order statistics of the distances (k-th smallest distance out of n distances). Minimizing this

cost function would result in a fit that is closest to k data points no matter where other data points are, i.e. the estimator

is tolerant to outliers even if they include n− k points of the whole dataset.

In practice, the minimum size of a structure that would be of interest in a particular application is known. For

instance, in an ellipse fitting problem, an absolute minimum of the number of points on a structure is p = 5 although

we may have a minimum size of k =10 or even k =20 points. In a range segmentation application, we may be only

interested in cylindrical structures for which at least k =30 range measurements are segmented as inliers. In a motion

segmentation application, we may be only looking for motions that contain at least k = 20 pairs of matching pixels

from our dataset.

The above mentioned practical necessity justifies and determines the input parameter k in the LKS cost function.

In order to perform robust segmentation, two important questions need to be addressed:

1. What would be a practically meaningful definition for the distance of a point from a nonlinear manifold?

2. What is an accurate and computationally efficient way to search the parameter space for the minimum point of a

given cost function?

We will address these two questions in following sections.
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4 Geometric Distance

The most commonly distance measure, used for parametric data segmentation in imaging applications, is the geometric

distance, i.e. the minimum Euclidean distance of a point in the data space from the points on the manifold corresponding

to the nonlinear structure. Formulas of geometric distance have been separately derived for different applications. Here,

we present a unified approach to compute a first-order approximation of the geometric distance for a nonlinear manifold.

Let us start from the simple case of segmentation of nonlinear structures in a two-dimensional data space. Figure 1

shows an instance of the geometric distance of a measurement point (x1, x2) from a general manifold defined by the

nonlinear equation (2). By definition, for a given structure, inlier and outlier data points are identified based on how

large their distances are from that structure. Appropriately, the cost function of a robust estimator should intrinsically

return large values for large distances even if those are not calculated accurately. More precisely, a distance formula

is required to be more accurate for the points closer to the structure (with smaller distances) compared to ones that are

much further away.

Consider a point P (xP1 , x
P
2 ) in a small distance d from the manifold given by the equation g(x1, x2, θ, α) = 0. We

denote the closest point on the manifold to the point P , by Q(xQ1 , x
Q
2 ). The equation of the line passing through the

point Q and tangent to the manifold is given by:

∂g

∂x1

∣∣∣
Q

(x1 − xQ1 ) +
∂g

∂x2

∣∣∣
Q

(x2 − xQ2 ) = 0 (14)

and the distance of the point P (xP1 , x
P
2 ) from this lines is given by:

d =

∣∣∣∣ ∂g∂x1

∣∣
Q

(xP1 − x
Q
1 ) + ∂g

∂x2

∣∣
Q

(xP2 − x
Q
2 )

∣∣∣∣√(
∂g
∂x1

∣∣
Q

)2
+
(
∂g
∂x2

∣∣
Q

)2 . (15)

To simplify the computation of the above distance, we note that the numerator is the first-order Taylor’s series ap-

proximation to g(xP1 , x
P
2 , θ, α) and in the denominator, with first-order approximation, we replace the partial derivative

terms with partial derivatives at the point P ,

d =

∣∣g(xP1 , x
P
2 , θ, α)

∣∣√(
∂g
∂x1

∣∣
P

)2
+
(
∂g
∂x2

∣∣
P

)2 . (16)

In a general case involving m-dimensional data points, a similar approach can be followed.1 The equation of the

1It is important to note that the dimension of data space is not always equal to the dimension of the parameter space denoted by p in this chapter.

More precisely, p is the minimum number of data points that can specify a unique model candidate, which is not necessarily equal to the dimension

of the data points. For instance in the fundamental estimation problem, each data point include a pair of matching pixels and the dimension of each

data point is 4, but the dimension of the parameter space is 8.
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Figure 1: A 2D representation of the geometric distance.

hyperplane that is tangent to the structure defined by (2) is given by:

∇g
∣∣∣∣
Q

· (x− xQ) = 0 (17)

and the geometric distance is:

d =

∣∣∣∣∇g|Q · (xP − xQ)

∣∣∣∣∣∣∣∣∇g|Q∣∣∣∣ (18)

where || · || denotes the 2-norm. The numerator can be first-order approximated by g(xP ,Θ, α) and the denominator

by
∣∣∣∣∇g|Q∣∣∣∣, i.e.

d =

∣∣g(xP ,Θ, α)
∣∣∣∣∣∣∇g|P ∣∣∣∣ . (19)

In ellipse fitting with models formulated by (5), the geometric distance is:

d(x1, x2,Θ, α) =
|θ1x21 + θ2x1x2 + θ3x

2
2 + θ4x1 + θ5x2 + α|√

(2θ1x1 + θ2x2 + θ4)2 + (θ2x2 + 2θ3x2 + θ5)2
. (20)

In homography estimation, using the model given by the two manifolds in equation (8), for each pair of matching

pixels, (x1, x2) and (x′1, x
′
2), two distances can be calculated, each corresponding to one manifold:

d1 =
|h

11
x1 + h

12
x2 + h

13
− h

31
x1x
′
1 − h32

x2x
′
1 − h33

x′1|√
(h

11
− h

31
x′1)2 + (h

12
− h

32
x′1)2 + (h

31
x1 + h

32
x2 + h

33
)2

(21)

(22)

d2 =
|h

21
x1 + h

22
x2 + h

23
− h

31
x1x
′
2 − h32

x2x
′
2 − h33

x′2|√
(h

21
− h

31
x′2)2 + (h

22
− h

32
x′2)2 + (h

31
x1 + h

32
x2 + h

33
)2
. (23)

The two distances can be combined into one scalar in different ways. One way is to consider the smaller among the

two as the distance. A common choice is the root mean square of the two distances,

d =
√
d21 + d22. (24)

In fundamental matrix estimation, the geometric distance is directly found by applying (19) to the model (10),

d =

∣∣∣∣[x′1 x′2 1] F [x1 x2 1]>
∣∣∣∣√(

∂r
∂x1

)2
+
(
∂r
∂x2

)2
+
(
∂r
∂x′

1

)2
+
(
∂r
∂x′

2

)2 . (25)
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where

r = [x′1 x
′
2 1] F [x1 x2 1]>. (26)

This distance is referred to as Sampson distance in the computer vision literature.

5 Optimization

As it was mentioned in section 3, robust parametric segmentation solutions usually involve solving an optimization

problem. The parameter space is searched for the minimum point of a cost function that is usually formulated as a

function of distances of the data points from a hypothesized model candidate. In a p-dimensional parameter space, an

ensemble of p data points (termed as a “p-tuple” in the literature [3]) corresponds with a candidate model. One possible

approach to solve the optimization problem is an exhaustive search of the sample space in which the cost function is

computed for the model candidates corresponding to all possible p-tuples. Having n data points, such a search would

involve examining

Nexhaustive = Cpn =
n!

p!(n− p)!
(27)

p-tuples which is a huge number for practical data size n.

A common approach that was initially introduced as part of the Random Sample Consensus (RANSAC) [27]

method in about three decades ago is random sampling. In this search method, a number of randomly selected p-

tuples are examined and the one that results in the smallest cost is chosen as the model candidate. If the number of the

p-tuples randomly selected is N , then with a probability of:

Psuccess = 1− [1− (1− ε′)p]N (28)

at least one of them is a good p-tuple (i.e. all its samples belong to the inlier structure), where ε′ is the ratio of outliers.

Thus, for a given success probability Psuccess, at least:

N =

⌈
log(1− Psuccess)

log(1− (1− ε′)p)

⌉
(29)

p-tuples should be randomly examined where d.e means rounding up to the next integer.

When the ratio of inliers to each structure is small, the number of random p-tuples given by (29) is substantial and

the computational load of segmentation is too high for real-time (or near real-time) applications [28–30]. For instance,

in case of having eight homography motions with almost equal number of matching points and 10% mismatches, at

least 28,748 random 4-tuples are required to ensure 99% success probability. The computational cost is higher in case

of general motions modelled by eight fundamental matrices, requiring at least 20,191,937 random 8-tuples.
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In this chapter, we introduce a method to accelerate the sampling. Our proposed approach specially useful when

the points belonging to each structure are not sparse but spatially close to each other. This method can be used to

optimize the cost function of many estimators, and it requires far less random p-tuples (compared to random sampling)

in case of parametric segmentation of multiple structures. Using our optimization search to minimize the k-th order

statistics of squared distances, we develop a new estimator called Accelerated Least k-th order Statistics (A-LKS). Our

experiments show that in terms of estimation error, A-LKS performs similar to the state of the art in high breakdown

robust estimators, but it runs substantially faster when segmentation of several structures is involved.

5.1 Related Work

Tordoff and Murray [31] have tackled the computational cost issues of random sampling by devising a guided sampling

technique in which the p-tuples are randomly chosen using a Monte-Carlo method according to the matching probabil-

ities. In another effort, the “preemptive RANSAC” suggested by Nister [32] preemptively prioritizes a large number

of random p-tuples and depending on the available time, the cost function is computed and compared for a portion of

them. However, in the examples presented by Tordoff and Murray [31] and Nister [32] to benchmark the performance

of their methods, the number of p-tuples required to obtain accurate fits is still close to the theoretical number given by

Eq. (29).

Alternative approaches to random sampling include the gradient-based search over a Grassman manifold in the

p-dimensional space of parameter vectors implemented within pbM-estimator [33], and an iterative search based on

reweighted least-squares used in High Breakdown M-estimator (HBM) [29, 30]. In cases involving multiple motions,

the iterative search within both pbM and HBM need to be repeated for a number of times each starting from a random

p-tuple. The number of repetitions needs to be tuned off-line by trial-and-error.

A number of modified versions of RANSAC have also appeared in the literature. Some recent examples include

LO-RANSAC [34], randomized RANSAC [35] and BEEM [36]. These methods follow RANSAC in that they assume

the availability of a scale (or error threshold) to determine the inliers for each hypothetical fit. Such a threshold is

not always available. For instance, in motion estimation, the scale of noise mainly depends on the point matching

techniques utilized to find corresponding points. In this chapter, we are interested only in estimators that work without

any knowledge of the scale of measurement noise. Indeed, in many such estimators, the scale is either estimated within

the estimation procedure or can be separately calculated upon its completion.

Our accelerated sampling method requires a small number of random samples – far less than the theoretical number

given by Eq. (29). The search process does not need the scale of noise or any other threshold to determine inliers.
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Indeed, a theoretical stopping criterion is formulated and used to determine the minimum required number of p-tuples

for a given success probability.

5.2 Accelerated Search

With recent increases in the reliability and sophistication of data measurement methods and equipment, the chances of

having widely erroneous measurement data has substantially decreased. As such, in most image processing applica-

tions, a very large portion of measurement data are simply usable data. In robust segmentation framework this means

that the ratio of gross outliers is small while the ratio of pseudo outliers is large particularly in challenging scenarios

when several structures exist in a dataset.

The main reason for the large number of random samples is that in Eq. (29) many p-tuples include points from

different structures and are simply discarded because they are not good samples. Our sampling method starts from the

premise that there are some information in those p-tuples that can be utilized to effectively direct the search toward the

optimum point of the cost function.

The fit given by a so-called bad sample is usually made up of points belonging to different structures. When we

segment the data points that are inlier to a bad fit, they would actually be the union of subsets of inliers to several

structures. We would expect each of such subsets of inlier data points to be spatially close to each other and could be

separated from others.

The flowchart of the proposed accelerated sampling algorithm is shown in Figure 2. The algorithm comprises two

levels of nested random sampling. First, n1 random p-tuples are chosen. Each p-tuple corresponds to a parameter

estimate for which an inlier-outlier dichotomy is conducted. The inliers are then clustered into separate groups of data

points and the largest group is found. If the group contains sufficient data points, then in the inner level of random

sampling, n2 random p-tuples are selected from the points in the group. The total number of random samples will be

no more than N = n1n2.

For a given n1 and n2, the probability of having at least one “good” p-tuple can be computed as follows. Each

of the n1 random p-tuples in the first round of sampling contains p inliers or pseudo outliers (belonging to different

structures) with a probability of (1 − ε)p where ε is the ratio of gross outliers.2 Such a p-tuple corresponds to a fit

for which an inlier-outlier dichotomy can be calculated. The inliers to the fit are clustered into groups and the largest

2It is important to note that ε is the ratio of gross outliers and in the presence of several structures, it is far less than ε′ in equations. (28)

and (29) which equals the sum of gross and pseudo outlier ratios. In the presence of nobj structures with an equal number of inliers, ε′ =

ε+ (1− ε)(1− 1/nobj). For instance, if ε = 5% of data are gross outliers and there are nobj = 8 structures, we have ε′ = 88%.
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Input: Data points 

Choose a random p-tuple 

from the data 

Inlier-outlier dichotomy 

Cluster the inliers 

Pick the largest cluster 

Choose a random p-tuple 

from the cluster 

Compute and save the cost 

of the p-tuple 

Repeat for n2 times 

Select the best p-tuple 

Estimate the parameters 

and segment the inliers  

End 

 

Repeat for n1 times 

Figure 2: The proposed accelerated sampling algorithm.

group is selected for a second round of random sampling. If at most nocc structures can be simultaneously occluding

each other, and in the worst scenario they contain an equal number of points in the data (the smallest possible ratio of

inliers), each of the n2 random samples selected in the second round will be a good sample (with all points belonging

to one structure) with a probability of (1/nocc)
p. Therefore, the probability of having at least one good sample in the

second round is given by:

P2 = 1−
[
1−

(
1

nocc

)p]n2

. (30)

The overall success probability is then given by:

Psuccess = 1− [1− (1− ε)pP2]
n1

= 1−
[
1− (1− ε)p

{
1−

[
1−

(
1

nocc

)p]n2
}]n1 (31)

and for a given n2 and success probability, the minimum number of random samples required to be examined through-

out the search is:

N = n2 n1

= n2

⌈
log(1−Psuccess)

log(1−(1−ε)p{1−[1−( 1
nocc

)]
n2})

⌉
.

(32)
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Figure 3: Comparison of the number of random samples required by our guided search compared to theoretical number

of random samples as used by a RANSAC-type estimator for cases involving estimation of various numbers of (a)

homography motions (b) fundamental matrix motions.

In order to demonstrate the reduction of number of samples compared to the traditional random sampling, we

have plotted the number of samples given by (32) versus the ratio of gross outliers (mismatches in case of motion

segmentation), compared with the number of random samples required by RANSAC-based methods given by (29) for

several number of motions. Figures 3(a) and 3(b) show the plots for homography (p = 4) and fundamental matrix

(p = 8) estimation. In both cases, it is assumed that no more than two moving objects can occlude each other (nocc =

2). Noting the logarithmic scale on vertical axes, the plots show drastic reductions in the number of random samples,

especially in cases where numerous motions are involved.

Remark 1. The above results are independent of the clustering technique used in the method, and any of the modern

clustering methods can be employed. In our simulations we have used the Mean Shift method [37]. The mean shift

algorithm is a nonparametric clustering technique which does not require prior knowledge of the number of clusters,

and does not constrain the shape of the clusters.

Remark 2. As it was mentioned before, only a sufficiently large group of points are subjected to a second round of

sampling and if no such group results from clustering, the optimization procedure simply skips to process the next p-

tuple of the first round of random sampling. In practice, a minimum size for the structure is assumed available (denoted

by kmin) and a group is considered sufficiently large if it contains at least kmin data points.

Remark 3. In deriving the formulas (31) and (32), we have assumed that for any of the n1 random samples that

contains no gross outliers, clustering of the inliers to the fit returned by the p-tuple will result in at least one sufficiently

large group. It is noted that for some random samples that include marginal points on the edge of structures, this
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condition may not be satisfied, but we believe that such marginal points constitute a small fraction of points. Indeed,

the inaccuracy can be compensated for by treating such points like gross outliers via increasing the ratio ε in Eq. (32). It

is important to note that in practice, the actual ratio of gross outliers is small and despite the above mentioned addition,

a relatively small ε will be practically sufficient in most applications.

6 Simulation Results

To realize a high breakdown robust estimation scheme, we have used the proposed accelerated sampling method to

optimize the k-th order statistics of squared distances. We call the complete estimator as Accelerated Least k-th

order Statistics or A-LKS for short. In a number of experiments, we have compared the performance of A-LKS with

MSSE [3], Adaptive Scale Sample Consensus (ASSC) estimator [38] and High-Breakdown M-estimator (HBM) [29].

To obtain an inlier-outlier dichotomy for a given parameter estimate, we have employed the specific routine sug-

gested by Bab-Hadiashar and Suter within the Modified Selective Scale Estimator (MSSE) [3]. The procedure is de-

scribed as follows. Having a set of distances d1, . . . , dn, the distances are sorted in ascending order and the following

unbiased scale estimates are computed:

σ̂k =

[
k∑
i=1

d2i:n/(k − p)

]1/2
; k = kmin, . . . , n (33)

where kmin is a known lower bound for the number of points in a single structure and di:n denotes the i-th sorted dis-

tance. Then the smallest index k
′

is found for which d(k′+1):n > 4 σ̂k′ . Finally, an inlier-outlier dichotomy is obtained

by labelling all the points associated with distances {d1:n, . . . , dk′ :n} as inliers and the rest as outliers. This segmenta-

tion method has been chosen because it has been shown to have the best performance in terms of consistency [39] and

finite sample bias [40].

Our first set of simulations involve segmentation of 4 to 8 homography motions. Each simulation includes 100

runs, each involving randomly generated homography motions for 4 to 8 objects which appear as squares in image 1

and evolve to a generally irregular quadrilateral in image 2. For each motion, 100 correct matches are found and the

pixel coordinates are synthetically corrupted with noise. Those points as well as a total of 50 random mismatches are

taken as measurements. A sample of the measurements generated in an experiment involving 6 motions is shown in

Figure 4.

In each simulation, the measurements are processed by a robust motion segmentation method and two quantities

are recorded: the processing time taken by the method for segmentation of the first motion, and the number of matches

computed for that motion. The number of samples for each method and number of motions are averaged over the 100
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runs, and the results shown in Figure 5. It is observed that in terms of segmentation accuracy, the performance of

A-LKS is similar to other methods examined in the experiments.

Figure 6 shows the average computation times for each method plotted versus the number of motions involved. It is

observed that the computation time of A-LKS (the number of required random samples) does not vary with the number

of motions. The computation times of other estimators substantially increase with the number of motions because the

outlier ratio ε′ in Eq. (29) increases. Quantitatively, the computation time of A-LKS is observed to be 10 to 1000

times faster than other methods. The computation advantage gained via using A-LKS is especially substantial when

numerous motions exist.

Figure 4: A sample of synthetic data generated in the experiment. The blue points in the squares move to red points.

The black points marked with ’*’ and ’o’ symbols represent the mismatches in images 1 and 2, respectively.
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Figure 5: Average number of segmented inliers to the first estimated motion returned by the examined techniques. For

A-LKS, the error bars are also shown.

We have also examined the performance of the proposed method for segmenting multiple homographies using real

data experiments. In the first experiment, shown in Figure 7(a) and (b), two images include three moving books. In
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Figure 6: Average computation times required to segment the first motion.

the second experiment, shown in Figure 7(c) and (d), two images of the national library of Belarus at Minsk from two

different perspectives include 4 moving planar surfaces. Using the well known SIFT method [41], we first found a

number of matching pixels between the corresponding images (shown by red crosses in Figure 7(a) and (c)) and then

used those points as data points for the A-LKS to estimate the parameters of, and segment based on the estimated

motions. The results are shown in Figure 7(b) and (d) which demonstrate that different motions in those experimented

are correctly segmented.

We have also examined A-LKS in practical applications where circular or elliptic patterns need to be segmented

and their parameters estimated. As it was mentioned in Section 2, the input image needs to be first processed and its

edges detected. The outcome of edge detection is a black and white (binary) image and the pixels forming the edges are

used as data points to segment the elliptic or circular patterns. An example is shown in Figure 8(a) where a road image

is taken by a camera mounted on an autonomous car, and various signs need to be detected and followed by the car.

The sign in the image is the “one-way” sign and the first step in its detection is the detection of its elliptic perimeter.

Figure 8(b) shows the binary image generated by the Canny edge detection method and the ellipse pattern detected and

segmented by the A-LKS is highlighted by red dots.

Figures 8(c) and (d) demonstrate another example of ellipse fitting in a biomedical application where in a gray scale

image of blood cells, the cells are needed to be segmented before statistics of their characteristics (e.g. radius) can be

evaluated. The results of circle segmentation using the A-LKS are shown in Figure 8(d).
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(a) (b)

  (c) (d)

Figure 7: Results of homography estimation: (a)-(b) Three books are placed on a table, an image is taken, then they

are moved and the second image is taken. Matching pixels between the two images are found (rex crosses in image

(a)) and used as data points to find the homographies and segment them. (c)-(d) Two different images of the national

library of Belarus from two angles. Different planar surfaces on the building undergo different homography motions

which are segmented as shown in different cross colours in (d).
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Figure 8: (a) A road image taken by a camera mounted on an autonomous car which needs to detect and follow the

road signs (b) The binary image produced via applying Canny edge detection to the road image. The elliptic perimeter

of the road sign has been detected and segmented by A-LKS, and is highlighted in red in the image. (c) An image of

blood cells. In a biomedical application, we need to know some statistics of the blood cells such as their number or

distribution of their radii, etc. (d) The blood cells are segmented by A-LKS.

7 Conclusions

This chapter presented the general problem of parametric segmentation of multiple nonlinear structures existing in

visual data. We introduced a unified formula for the distance of a data point from any model candidate. We also

presented a new accelerated method for searching the parameter space for best model candidates that minimize a cost

function. Our simulations showed that our method can segment several nonlinear structures in various applications

with accuracies comparable to the state-of-the-art, however, the speed of our method if far greater. This significant

increase in the speed of computation makes our method an ideal candidate for computer vision applications where

several nonlinear patterns need to be segmented and parametrically estimated in real-time.
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